Integration by Parts

v QUICK CHECK EXERCISES 7.2 (5ee page 500 for answers)

L. (=) IfF{x) = gix). then
fI[I}#{I]ﬂI = Jxpx)y - ———

{ch fr.iu":d:: gy=—____ dv=

) f%ﬂ‘:; uw=____  duv=_______

3. Use iniegration by paris o evaloaie the inegral.

(b} Ifu = fix) and v = {x), then the formula in part {a)
(a) f:eh dx (bl f]n{:- 1)y dx

can be written in the form fudv =
2. Find an appropriate choéoe of o and dv for intepration by
parts of @ach integral. Do not evaluate the intezral.

=
{cl f xsindxdr
o

{a) f.rln.rd.t; = dv=

ik J(-[.r — Zisinxdx; u= dr =

EXERCISE SET 7.2

4. Use a eduction formula to evaluate fsin":dx.

1-38 Evaluate the integral.

L. ere'l‘ dx

3. fﬂfdx

5 erﬁiu Irdx
T Jr,t!ccrszdr
1, fxln:m‘:
1. Jr[lnled:
13 Jrln[ir— Didx
15 Jr:ii:n":d.:
17. f tan~" (3x) dx
1% Jre‘:iin::.u‘:
21 fﬁin{ln:}d.r
3 er:aa-c:.rd.r
25. f,:’e"d:
27. J‘:.‘rel‘d::

M, Jr Flnxdx
1

I
3l f In{x + Xydx
-1

. f.'rfl‘d.r
4. f.'l’lE"Lﬂ'_'l'
. f:rc'nslrﬂ'x
& f:rlsinxdr
10. fﬁ]u:dx
1L fl‘::—l,;dr
14, f In{x® + 4)dx
16 fm:us"{"_r]d:
15. f:rtam".rd::
20, fe:"cuﬁltdr
p.r A fm{ln:}d.r
24 f:tam:.rd.r

xes
26, f T dx
28 flre'j‘d.r

o

“Inx
30, —lu‘x
N

--"!,'?
i f sin~ ' xdr
=]

4 2
]']'..f sac~! /B di 34, f rsec xdx
2 1

}if x5in2x dx 3. f (X + Xcosx)dx
b 0

k| 2
}T.f Tt~ Jadr 38, f In{z* + 1)dr
1 -]

39-42 True-False Detemine whether the stalement is troe or
false. Explain your answer.

39, The main goal in integration by paris is o choose @ and dv
to obiain a new integral that is easier to evalieate than the
original.

4. Applying the LIATE straiezy to evaluate J':3 Inx dx, we
should choose u = 1 and dv = In xdx.

41. To evalueate [ Ine® dx using integration by parts, choose
dr = e® dx.

42, Tabular iniegration by parts is wseful for integrals of the
form [ p(x) fix)dx, wher pix) is a polynomial and f(x)
can be epeaiedly integrated.

43-44 Evalusie the integral by making a u-substitution and
then ine grating by parts.

43 feﬁd: 4. fm:-.*. Jrdx
45. Prove that tabolar inegration by paris gives the comect
answer fior
J‘P[IJHIJ-ITI

where pix) is any guadraric pelymomial and i) is any
fumction that cam be repeated]y inie graied.

46, The compatations of any integral evaluated by repeated in-
tegration by parts can be crganimed wsing @hular integration
by parts. Use this organization to evaluate | &* cosx dx in




a7

47

el

il

03

two ways: first by epeated differentiation of cos x {compare
Example 5), and then by repeated differentiation of *.

-52 Ewvaluate the integral using tabular integration by parts.

.f{312—x+2)c‘"ﬂ’x 48, f{12+x+])5in1d'x

. fil.rdsinhd.r 5, f.r3-..-’1;r+]a’x
. fe'“ gin bx dx 52, f e 5in 56 d#
. Consider the integral | sinx cos x dx.

{a) Evaluate the integral two ways: first using integration

by parts, and then using the substitution u = sinx.

i{b) Show that the results of part (a) are equivalent.

{c) Which of the two methods do you prefer? Discuss the
reasons for your preference.

. Evaluate the integral

1 43
f L i
0 x4+l
using
{a) integration by parts
(b} the substitution u = +'x* + 1.

. {a) Find the area of the region enclosed by ¥ = Inx, the
line x = ¢, and the x-axis.

(b} Find the volume of the solid generated when the region

in part (a) is revolved about the x-axis.

. Find the area of the region between y = xsinx and vy = x
for0 <= x < a/2.

. Find the volume of the solid generated when the region be-
tween ¥ = sinx and ¥y = 0 for 0 < x =< mis revolved about

the v-axis.

. Find the volume of the solid generated when the region en-
closed between v =cosx and v =0 for 0 =x = xm/2 is

revolved about the v-axis.

. A particle moving along the x-axis has velocity function

v(t) = t* sint. How far does the particle travel from time
t=0tt=n?

. The study of sawtooth waves in electrical engineering leads

to integrals of the form

mfw
f t sinikat ) dit

-
where £ is an integer and e is a nonzero constant. Evaluate
the integral.

. Use reduction formula (9) to evaluate

{a) f sin® x dx () fﬂﬂ sin” x dx.
. Use reduction formula (100 to Eva]u[:ile

{a) f cos® x dx (b j:ﬂ cos® x dx.

. Derve reduction formula (9.

64. In each part, use integration by parts or other methods to
derive the reduction formula.
-2
+- f sec” xdx

"2 x tan
ia) fsec".ra’x: * Lt
n—1 n—1

tan" ! .
(b flan":rdx = II —ftan"_‘xdx
r! [R—

ic) f:r"e" dx = x"&° —nfx"_]f‘dx

65-66 Use the eduction formulas in Exercise 64 to evaluate
the integrals.

65, (a) flzmdx dx  (h) fﬂEE‘iIdI (c) fx:"f‘dx
1

0, (a) et dx {b) e V* dx
[Hime: First make a substitution. ]

7. Let f be a function whose second derivative is continuous
on [—1, 1]. Show that

1
f xf'xydx = fi(1) + F(=1) — fll) + F(—=1)

1

FOCUS ON CONCEPTS

68. (a) In the integral [ x cosx dx, let

Hn=x, dv=cosxdx,

du = dx,
Show that the constant C) cancels out, thus giving
the same solution obtained by omitting ;.

(k) Show that in general
utl—fva’u=u|:tl+C|)—f{i:+C]]du

thereby justifying the omission of the constant of in-
tegration when calculating v in inte gration by parts.

69, Evaluate [In(x + |)dx using integration by parts.
Simplify the computation of [ vdu by introducing a
constant of inte gration C; = 1 when going from dv to v.

v =sinx +

70. Evaluate [In(3x — 2)dx using integration by parts.
Simplify the computation of [ vdu by introducing a

constant of integration € = —% when going from dv
to v. Compare your solution with your answer to Exer-
cise 13.

71. Evaluate _,I"Jcta.n'I x dx using integration by parts. Sim-
plify the computation of [ vdu by introducing a con-
stant of integration C; = 1 when going from dv to v.

72. What equation results if inlegration by parts is applied
to the integral 1

d
f_rlnx *

with the choices
1
H=—
In x
In what sense is this equation true? In what sense is it
false?

and dv = ld’.‘r'?
x




VQLIIEI{ CHECK ANSWERS 7.2

1
1. (a) f "x)Gix)ydx (b) wv —fvﬂ'u 2. (a) Inx; xdx (b) x —2; sinxdx (c) sin 'x; dx (d) x; dx
Fix)tix) (d) JioT
. l . - .
1. (a) (% —1) e+ C B (x—1mix—1)—x+C (c) % 4. —% gin X cos x — geosx +C
Trigonometric Integrals
VQUICK CHECK EXERCISES 7.3  (See page 508 for answers.)
1. Complete each trigonometric identity with an expression 3. Use the indicated substitution to rewrite the integral in terms
involving cos 2x. of w. Do not evaluate the integral.
(a) sin”x = — (b) cos™x = (a) fsing.r cosx dx; u =sinx
ic) cos®x —sin®x =
2. Evaluate the integral. (b) f sin’ x cos® x dx; w = cosx
N T .
(a) fsec rdr=____ (c) ftanl_r sec” xdx; w =tanx
() flan‘:d.rz— (d) ftanl'.rsec.rﬂ'x: H=3eCX
ic) fsec.rd_t =
(d) f tanx dx =

EXERCISE SET 7.3

1-51 Evaluate the integral. 5 f sin® af d# . f cos® at di

. P . . 5 .
L. f.:ns ¥ sinx dx 2 fsm 3x cos 3x dx 7. fsinﬂxmmxﬂ'.r 5. fsil'l3 xcos® xdx
3 fsin: 56 48 4. fcn:usl Ixdx 9, fsinjtcufrﬂ'r 10. fsin3 xcos xdx




- - -3
11. f gin” x cos® ¥ dx 12. gin® x cos® x dx

13, fsinlrmsﬁxd: 14. fsinﬁﬂmsiﬂdﬁ'
15. fsinxms{x;"l}dx 1. fn:ns.'”xsinxdx
w2 a2
lT.f cos x dx lﬂ.f scinlicnslidx
i 0 2 2
w3 Y .
19. f sin® 3xcos’ 3xrdx 20, f cos” 58 46
i} -
w6 x
Zl.f sin4dx cos 2x dx llf sin® kx dx
0 0
23, fsecf{zx—nd: 24, fLanirrJ’x
25, ff_‘r,an{f_:}d.r 2. fn:nr.hﬂ'.t
27. fsa:d,xdx 28, fMd:
Jx
24, fta.nlxsecz.rdx RIIB fLanj.rsecdxﬂ’I
3. fta.nd.‘rsec"'d.td'.r 32, fLan‘*Esec"'EdE‘
33, fsa:j.rLEnj.rdx 3. fLanjﬂsecﬂdE

s, fta.n"xsec.rdx 36. fwnzxsec]'xd'x

7. ftan:seclfdl 38, fLanxsec’xﬂ’I
34, fsa:":dx ETIN fsecsxd'x
41. ftanldxd'x 42, fLan"xd;r

43, fa\!lanxaec'ixd_r 44, fmnxsecmxdx

R 1]
45. f tan” 2x dx 4., f sec” 20 tan 28 d@
0 0
w2 ¥ 1/4
47. f tan® = dx 48, f seC 7y tan mx dx
a 2 0
44, f{:ut]' xesc xdx 31, f cot® 3t sec 3t dt
51. fcut]'.td.r 52, fcscﬂxd'x

53-56 True-False Determine whether the statement is true or
false. Explain your answer.

53. To evaluate [ sin” x cos® x dx, use the trigonometric iden-
tity sin® x = 1 — cos” x and the substitution 4 = cos x.

54. To evaluate [ sin® x cos® x dx, use the trigonometric iden-
tity sin® x = | — cos? x and the substitution & = cos x.

rn
rn

. The tngonometric identity
gin e cos f = ;—[5in{u — £ + sinlo + £)]
is often useful for evaluating integrals of the form
[ sin™ x cos” x dx.
56. The integral [ tan® x sec® x dx is equivalent to one whose
integrand is a polynomial in sec x.

57. Let m, n be distinct nonnegative integers. Use Formulas
(16)—{18) to prove:

In

(a) f sinmxcosnxdy =0
o

(h) f cosmxy cosnx dy =10
0

I
(c) f sinmx sinax dx =0,
0

58. Evaluate the integrals in Exercise 57 when m and n denote
the same nonnegative integer.

59, Find the arc length of the curnve ¥ = Infcos x) over the in-
terval [0, w/4].

6il. Find the volume of the solid generated when the regionen-
closed by ¥y = tanx, ¥ = 1, and x = 0is revolved about the
X-axis.

6l. Find the volume of the solid that results when the region
enclosed by vy =cosx, ¥y =sinx, x =0, and x = 7/4 is
revolved about the x-axis.

62. The region bounded below by the x-axis and above by the
portion of ¥ = sinx from x = 0 to x = m1s revolved about
the x-axis. Find the volume of the resulting solid.

63, Use Formula (27) to show that if the length of the equatorial
line on a Mercator projection is L, then the vertical distance
[ between the latitude lines at o ® and £° on the same side
of the equator (where a < £)is
D= Lm‘—mﬁ&“mﬁﬁ
2m  |seco® 4 tama®
fd. Suppose that the equator has a length of 100 cm on a Mer-
cator projection. Ineach part, use the result in Exercise 63
to answer the question.
ia) What is the vertical distance on the map between the
equator and the line at 25° north latitude?
(b} What is the vertical distance on the map between New
Orleans, Louisiana, at 30° north latitude and Winnipeg,
Canada, at 50° north latitude?

FOCUS ON CONCEPTS

65, (a) Show that

fcs:xdx = —In|cscx +cotx| +C

(k) Show that the result in part (a) can also be writien

as
f-:sn::rd.r =In|cscx —cotx|+ C

and

+C

fn:sc.r dx = In |tan Lx




66, Rewrite sin x + cosx in the form

Aszin(x + ¢
and use your result together with Exercise 65 to evaluate

f dx
sinx + cosx
67. Use the method of Exercise 66 to evaluate

d
f—l i@, b not both zer)
asinx + brosx

08, (a) Use Formula (9) in Section 7.2 to show that

w2 n—1 w2 .
f sin® x dx = f sin" “xdx (m=2)
0 h 0

(b} Usze this result to denive the Wallis sine formulas:

w2 T 1-3-5---in—=1) 1 even
ﬁ sm“xd_rzi- T 4.6..n (mdgi.g)
fnxz_n J 2-4.6---{n—1) n odd
sin xdy =
g 3.5.7...n (H.'I'.Il:l:])

69, Use the Walhis formulas in Exercise 68 to evaluate

w2 | )
i) f sin® x dx (b} f sin® x dx
i 0

‘/QUIEI{ CHECK ANSWERS 7.3

T,

T

T2

=f2 =2
(c) f sin” x dx (d) f sin” xdx.
1] 0

Use Formula (10} in Section 7.2 and the method of Exercise
68 to denve the Wallis cosine formulas:

j-mfl .y T 1-3.5...(n—=1) (.-r:\-:n

cos" xdx = — .

: 2 2.4_5._”]1 H.'I'.Id:g)
2.4.6---(n—1) (nudd]

/2
" rdy =
L cos” x dx T 57 and = 3

Writing Describe the various approaches for evaluating in-
tegrals of the form

f sin” x cos” xdx
Into what cases do these types of integrals fall? What pro-
cedures and identities are used in each case?
Writing Describe the various approaches for evaluating in-
tegrals of the form

f tan™ x sec” x dx

Into what cases do these types of integrals fall? What pro-
cedures and identities are used in each case?

1 - cuslx l+cus_x

(a) (b)

X (a) fu du (b} f[u'—]}lu du (c) fu du (d) f[u'—]jdu

c) cos2x X fa) tanx + C (b) tanx — x4+ C (c) In|secx +tanx|+ C (d) In|secx|+C

Answer



P> Exercise Set 7.2 (Page 498)
1
l. —e & (;+I}+C J.oxfet — et +285 4+ C
s —-}Jn:-ﬂ531+;}51'nlr+l‘_'.' 7. xlsinx + 2xcosx — 2sinx + €
I 2
0. %]n.l:—IT+E' 1. x(lnx)? —2xlnx+2x + C
13 xln@Bx—2)—x— Fln@B3x —2)+C 15 xsin'x+ /1274 C
17. xtan'(3x) — 1 In{1 + 93} + € 19, Je*(sinx —cosx)+ C
21, (x/2)[sinilnx) —cos(lnx)] +C 23 xtanx+In|cosx|+C
25 1x%e” _ L p o 27l 29 2688 4+ 1)/9
3. 3ln3-2 33, %‘T_ﬁﬂ 35. —x/2
1
7. 3 2ir— = —2+In2
Responses to True—False questions may be abridged to save space.
3. True: see the subsection “Guidelines for Integration by Parts.™
41. False; ¢" 15n’t a factor of the inegrand.
3. T —1)ev 4+ C AT —B3x 4 5x 4+ Te T+ C
49, (4x* — 6x)sin2x — (20* — 6x? + N cos2x 4+ C

51. F%{a5inb:—bm5tu‘}+£‘ 53 [ﬂ}-&ginl_[+c

55. (a)A=1 (MV=me—2) 5. V=2 50 x —6m

6l. (a) —-}5in3xc-u5.r—%5in:m5.r+%.r+l‘: (b} 8/15

63, {ﬂ%l‘.ﬂl‘lal—tﬂn]+1+{' I:'h’:l-}mgxlun.r+§-r.un.r+ﬂ
(e e® — 3nte™ + bwe® — be® + C

69, (x+Dlnix+ 1) —x+C TL Jx+ Dtan'x—Ix 4+ C

P Exercise Set 1.3 (Page 506)
ge
1. —-}n:-n:-‘.“'_r+l‘_'.' 3 %— %5in][ﬂ+£‘

| )
5 o 3&5—-:-u5a&+{' T. EE-1II?H'.I.'+C

i sin®

=

I‘—-%Eil.‘ljl‘+-lf 11. i.r—:{l:rsinﬂ!:+£'

13, —-l-lutm5.r+-%m51:+f 15. —-im5{3:f2j|—c-::s(1f’."}+£‘
17. 2/3 19. 0 2L 7/24 23. jtan(2x—1)+C

25 In|cos(e—*)|+ € 27. {ln|sccdxr + tandx|+ C

20, -}lanl'.r+l': 3. -l-lﬁm44.r+l:' 33. -Jlrsu-'r.t—-}mj.1+£'

3

35 -}5&: ILE]'II—%B:!:ILE]‘II+%I]‘II5EI:I+[BEIII+E

3. lsec?t4€C M. tnx+dn’x4cC
41 lan?4x + Linjcosdx|+ € 43, Zwan® x4+ 2tan™2x 4+ €
1 =

45 Ry 47. —1lr+|n2 449, —-:-l‘csc51+%c5::3r+£'

51 —:lr csct x — In|sinx| + €

Responses to True—False guestions may be abridged to save space.

53. True; [ sin® xcos® rdx = [sinx(l — cos® x)° cos® x dx =
— J1 —w?)Put du = — Ju® — 2010 + u'?) du

55, False; use this identity to help evaluate integrals of the form
[ sinmx cosnx dx.

. L=I(~Z4+1) 6l. ¥V ==/2



1 Val + b +acosx — bsinx

6. — In

Nt + b asinx 4 bcosx

60. (a) 3 (b)3m/16 (o) & (d)5m/32

+C

Integration by Part ( Stewart)

m Exercises

1-2 Ewaluate the integral using integration by parts with the
indicated cholces of o and db.

1. {_1'2 lnxdy; wv=Inx, =" dx

2 | 6cosfdd; u=0, dv=cosddd

3-36 Ewvaluate the integral.

3. { xoos b dy L [ ¥ dy

5 { fa 3 ot 6. [ (x — 1) sin = dx
T. { (x* + 2x¥) cos xdy B [ % sin Bt

9 { In ¥x dx 10. [ sin~ 'y dr

1. { arctan 41 ot 12 [ Finpdp

E Graphing calculator or computer required 1. Homewaork Hints available at stewartcalculus.com

13, | £sec? 2¢ at

15. { iln 2 ax

17. { &2 5in 38 o

149, {:"r:"' =

2 [

420
172

23 { X Cos X dy
=0

25. {l.rcush:d:
=0

7. 1-':. Al ordr

14

16

18

p.r

24,

8.

| s2<as

[ ¢sinh mt

[ e cos 20 df
e

[ {arcsin x) dx

[: (' + e "dx

[:' % 5in 2¢ dt




¥

.n.\_uE
B |y 0. j] arctan(1,/x) dx
. 2
. '|:'r2cn5'1.rd: 32 j:%dx
3. {cns: In(sin x) dx 34. j‘] L:lf.r
J o A+ 7

-

35, {L’:‘fln.ﬁzdr ®. | esin(t — 5) ds

37-42 First make a substitution and then use integration by parts

to evaluate the integral.

. Icns Jr dx 8. j Pt dt

39, j*_F

x
warfd

8° cos(8?) df 0. ju' o™ sin 2¢ gt

= -

. j xln(l + » dx 42, j siniln x) dx

T 3% Evaluate the indefinite integral. Illustrate, and check that

your answer is reasonable, by graphing both the function and its

antiderivative (take C = 0).

-

43 j‘.re'“d.r a4, Jﬂzlnxdx

-

-I5.||‘x3+..-1+.r‘d: -ﬁ.jfsinﬂ:dx

(c) Use part (a) to show that, for odd powers of sine,

[ P
c e (2a+ 1)

2
3-5-

{'Iz sin*™ 'y dy = i
Jo T

50. Prove that, for even powers of sine,

e@a-1) w
G-----20 2

ol g o 10305
JI:I sinT xyay = 7.4-

51-54 Use integration by parts to prove the reduction formula.

51. [ (In 2 dr = x(lnx)” — [ (nx)" " ax

52, Ix"e"dr = xe" — njﬁ " eTdy

i3 .n-Lj,. .
53. {ta.n".rdx= T j an"irdr (n#1)
J o —

ta petE -2
5, {mc“.rd.r= ire :+ Z [sec“'z.rd.r (m# 1)
) m—1 n—1.

55. Use Exercise 51 to find r {In x)* dx.

56. Use Exercise 52 to find r o' dx

57-58 Find the area of the reglon bounded by the given curves.

5. y=xlnx, y=4Inx 58 y=x'e", y=m"

47. (a) Use the reduction formula in Example 6 to show that

sin 2x
|

=

j sin®x dx = % - +

() I:Tse part (a) and the reduction formula to evaluate
| sin‘xdx

48. (a) Prove the reduction formula

J cos™y dy = — cos™ Ly sin x +
n n

{ cos® 2y dy
(b) Use part (a) to evaluate r cos3y dx
[t} Use parts {a) and (b) to evaluate ‘I' cos'y dx

89, (a) Use the reduction formula in Example 6 to show that

¢ J']'—l
uﬂsin".rd.r=

{:ﬂ sin® Ex dx
n .

where 72 2 is an integer.
(b) Use part (a) to evaluate LI',:,""2 sin®x dx and LI'E,""2 sinx dx.

58-60 Use a graph to find approximate y-coordinates of the
points of intersection of the given curves. Then find (approsxi-
mately) the area of the region bounded by the curves.

9. y=arcsin(ly), y=2 — &

60. p=xln(x+ 1), p=3r—x°

61-63 Use the method of cylindrical shells to find the volume
generated by rotating the region bounded by the given curves
about the specified axis.

6. y = cos(mx/2), p=10, 0=x=1; about the y-axis
6. y=¢" y=¢&" x=1; about the paxis

8B. =", y=0,r=-1, x=0; aboutxr=1

64. Calculate the volume generated by rotating the region
bounded by the curves = Inx, =0, and x = 2 about each
axis.

(@) the p-axis (b) the raxis




65. Calculate the average value of £(x) = xsecyon the interval

[0, =/4].

66. A rocket accelorates by burning its onboard fuel, so its mass

decreases with time. Suppose the inttial mass of the rocket at
liftoff ( including its fuel) is m, the fuel is consumed at rate r,
and the exhaust gases are gjected with constant velocity v (rel-
ative to the rocket). A model for the velocity of the rocket at
time f is given by the equation

m—ri

vif) = —gt — mln

where g i1s the acceleration due to gravity and ¢ is not too
large. If g = 9.8 m/s*, m = 30,000 kg, r= 160 kg/s, and
ve = 3000 m/s, find the height of the rocket one minute
after [iftoff.

. A particle that moves along a straight line has velocity
o(f) = " meters per second after ¢ seconds. How far will
it travel during the first ¢ seconds?

If A{0) = g(0) = 0 and " and y" are continuous, show that
|7 Fng"(a) dx = Fla)g(a) — Fladg(a) + [} F(g(x) dx

Suppose that f(l) =2, f(4) =T, F(1)=15, £(4) =3 and 7
is continuous. Find the value uff;‘ xF(x de

{a) Use integration by parts to show that
j £x) dx = xr(x) — | xr'(x) dx

(&) If Fand g are inverse functions and £ is continuous, prove
that

i

L" f(x) dx = bf(b) — af(a) — jm_: gly) dy

[ Hini: Use part (a) and make the substitution y = fx.]
{c) In the case where £ and g are positive functions and
b= a = 0, draw a diagram to give a geometric interpreta-
tion of part {b). ]
{d) Use part (b) to evaluate | In x dv.

. We arrived at Formula 6.3.2, V= _|: 2wx Fix) dx, by using
cylindrical shells, but now we can use integration by parts to
prove it using the slicing method of Section 6.2, at least for the
case where £ is one-to-one and therefore has an inverse func-
tion g. Use the figure to show that

V=abld — ma’c - Uf.r[glf_j'}l]zd_r

Make the substitution y = F(x) and then use integration by
parts on the resulting integral to prove that

V=" 2mxr(x) dx

x=gly) y= flx)

] L R R

< 4\ /

) . & x=5h
XxX=da

i] a b ¥

72 Letl, = J'n' " sin"x dx.
(a) Show that L., = L., = L.
(b) Use Exercise 50 to show that

Foz 20+ 1
ke 2n+2

{c) Use parts (a) and (b) to show that

21‘]‘+ 1 . .Irz_uf|

=1
2o+ 2 2

and deduce that Um . . a1/ 0 = 1.
{d) Use part (c) and Exercises 49 and 50 to show that

" = a = = En 1 En —
2n—1 2a+1

This formula is usually written as an infinite product:

4
5

5
7

L | a2
L | i
wn | o

and is called the Wailis product.

(e) We construct rectangles as follows. Start with a square of
area | and attach rectangles of area 1 alternately beside or
on top of the previous rectangle (see the figure). Find the
limit of the ratios of width to height of these rectangles.

F—— 7 ——

|

|

_

|

|
I

k1)

2




m Exercises

1-49 Ewvaluate the integral. 9, {’CDS"'[ET:I it
wl
1. { sin®x cos’rdx 2 [sin’ﬂ' cos'@ af .
) 1. 1‘:; sin“x cos“x dx
=2 T =/2 - wl
3 { sin@ cos®d o 4. [ sin”x dx
wll il 1‘
13. | rsin®rdt
sin® |/ J
5 { sin® () cos®{ma) dx 6. [Li?} dx
W .\.l_]'
5
x xr CO%™ (e
7. (7 cos’o o 8 [ si®(io) b 15 | = e
<0 Jo < 45N o

E Craphing calculator or computer required 1. Homework Hints available at stewartcalculus.com

10

1z

14

16

[' sin? roosts dt

_li]

=z 2

L (2 — sind)? do

[ cos @ cos’{sin @) o8

[J’Sll'l!'_il'dj'




17

14

[1:-::52: tan®x dx 18. J cot*d sin'd 4o
[ cos x + sin 2x

1 2
pr_— ax 2. Jcns:sin?.rdr

21. [taﬂ.rsec xdx n, J tan®# sec’d ap
3. [ta.n rdx M. J (tan®r + tan®xy) dr
ik |
. [t xy sechy dx 26. J sec'd tan'd 49
0
=3 i i
7. L fanxy sec xydy 28 Jta.n.rsec.rd.r
il
29, [ta.n.rsec.rdr 30, ju tan® ¢ df
31. [ta.n v dx 32, J tan®y sec xdx
33. [.rsec.rta.n.rd.r . [ Sin ¢ s
) J cos'
o, l'.\a
5. [Izcntz.rd.r 36. J " cotrdx
6 e
=z - ‘
ar. [“ oot csc’d dd I8 J csc 'ty cot®y dr
3
39, [1:51::0’: -ll.j cseix dy
=B
. [sinﬂ.rcns Srdx 42, J cos x cos 4oy dr
- tos X+ sin x
3. [smﬁﬂ sin @ 9 —_
sin 2x
45, [:ﬁvl+n:uslrdr 45, J‘um\a'l — cos 48 o8
1- IEJ'JJI' ’ ax
17, _
[ sor Sy J rosx — 1
49, [ tan®y dx
50. If [** tan®x sec x dv = J, express the value of

'I'” tan®x sec x dxin terms of £

™ 51-54 Evaluate the indefinite integral. Illustrate, and check that
your answer is reasonable, by graphing both the integrand and its
antiderivative (taking & = 0).

51.

[ asin®(x%) dy

" 'y
52, J sin®x costx dx

53. [slnlrsinﬁ.rdr

55. Find the average value of the function f{x) = sin’s cos’xon

the interval [ — . 7).

. Evaluate [ sin x cos x dx by four methods:

(a) the substitution & = cos x

(b) the substitution v = sin x

(c} the identity sin 2x = 2 sin x cos x

(d) integration by parts

Explain the different appearances of the answers.

57-58 Find the area of the region bounded by the given curves.

57. y=sin®y, y= cosiy,

58. y = sin'y,

—mfd = xr= w4

y=rcos’xy, wfd=x=5x/d

F 59-60 Usea graph of the integrand to guess the value of the
integral. Then use the methods of this section to prove that your
guess is comrect.

.

2 3 2
L Cos X dx 0. juSiﬂz‘;TXEDE haxdx

61-64 Find the volume obtained by rotating the reglon bounded
by the given curves about the specified axis.

1.

g

F=sinx, p=0, mf2 = x=am; about the y-axis

. y=sin’xy, y=0, 0= x=a; about the xraxis
. F=sinx, p=cosx, 0=x=ax/4 aboutyp=1
L y=seckx, p=rcosx 0=x=a/) abouty= -1

. & particle moves on a straight line with velocity function

1{f) = sin wt cos’wt. Find its position function s = Af)
if F(ly = 0.

. Household electricity is supplied in the form of alternating

current that varies from 155 V to —155 V with a frequency
of 60 cycles per second (Hz). The voltage is thus given by
the equation

E(h =

where ¢ is the time in seconds. Voltmeters read the RMS

(root-mean-square) voltage, which is the square root of the

average value of [E(H]* over one cycle.

(a) Calculate the RMS voltage of household current.

(b} Many electric stoves require an RMS voltage of 220 V.
Find the corresponding amplitude A needed for the valt-
age F{f) = A sin(12054).

155 sin{12041)




67-69 Prove the formula, where m and m are positive integers.

67. r sim my cos aydy =1

{D if m=an

[ r sin mx sin nx dx =
a fm=an

0 Wm+#=n
a Wm=n

69, r CO5 MY 005 X axy = {

M. A fintte Fourter series is given by the sum
.
fix) =¥ aasinox
=1

=msinxy+ azsin 2y + -« - + awsin Ny

Show that the mth coefficient ax is given by the formula

-

dy = — j . flx)sinmxdx

aT g

Answers



PROELEMS PLUS = PAGE 4549

1 (a) AH=32 (b) Ax = xfm 35
5 (h) 02261 (¢) 06736 m
d) () LA105%) = 0.003 in/s (W) 3T0m7/3 5 = 6.0 min
!I. y=%x
@ V= [ 7l APF ay
l,“c} fiy) = kA7 C) p¥% Advantage: the markings on the
container are equally spaced.
13. b=2a 15. = 164

CHAPTER 7

EXERCISES 7.1 = PAGE 468

Lirlny—3xX+C 3 irsinSr+scosin+ O
B —qte ¥ — o ¥4 (O
L+ 20sinx+ (2v+ 2)cosxy — 2sinxy+ O
9 xIndx —ix+ C 1. tarctan 4¢— Lin(l + 1662 + C
13. ittan 2¢ — § In|sec 2¢| + C
15 xiln ) — 2xlnx+ 2x+ C
17. 5e*(2sin 30 — Jcos 30) + C
19, 2% — 3% + bBre* — Ge* + C

o w— 2
¢ Ban
% 1-1fe WIWm3I-5 21— 36°
N ir+6-3,3) BWsinx(nsnx—1)+C
B 22 -2m2+2
k1
4
43

. Ev';sin\e';+ 2cn5q';+ O M 1 4
CHP -l 4+ - i+ 4+ C

—ixe P —le 4 O 1
\ A
-1 i

8. Ll + 20 - F(1+ P+
i

l[\ / }

i

—4

47. (b) —%cosxsinx + 3y — Ssin2v + C

9. (b) 55

B afilna® — 3lna +6lnx— 6]+

TR % In2 - % B9, —1.75119, 1.17210; 3.99926

6. 4 - 8/7 63. 2me 65 1 —2/%)In2
Bl. 2 -+ 20+ 2)m 64 2

EXERCISES 7.2 w PAGE 476
Lisin'yr —isinx+C 3=

1 2 1
5. I sin*(wa) — —Sirls["r_l"] + - sin"(wa) + O

1 w/4 a, 3'1',.{3 1. 7/16

13 3£ — tsin2f — jeos 26+ C

15. 5+/sin e (45 — 18 sin®e + 5 sin'a) +

1. teos’y — In|cosx| + € 19 In|sinx| + Zsinx+ C
A ssec’y+ C  Wtanxy—x+ O

% ltan®y + tan'x + ftan'y + 24

29. §sec’y — secx + O

3. {sec'y — tan®y + In |sec x| +

3. xsecxy— In|secx+tanx| + C 35 43 -ixm

N =2 - W In|escxr—ootx| + C

M. leosIr—=cos 1+ O 8 fsindd— Ssinbd + O

8 17 @ isinZv+ O
9. xtanx — In|sec x| — 3% + C
51. 1a° — 1 sini(x?®) cos(x®) + C

=

3. ;sindx — sin 9 + ©

.0 5.1 5.0 6.7/ & «2/2-3
65 5= (1 — cos’w)/(3w)

EXERCISES 7.3 m PAGE 483

24 ] 1 " 2at

0 In[\(@F 16+ +C 1M isin @) +ix/T- i+ C

13. 559{““{:,."3] -y -9/2x+ C

15 s7a® M JF-—T+C

o In|[yTFai—1)fx| +VTF 2+ C 2. &=
-:5In"|_‘|_‘_r - 23 + %l[.r -2 +dr—xr+ C
Vi x+ 1 —%1n|{v'.l’2+_l'— | +:+%_}| + O
ix+ a2+ 2xr —3In |_rr+ 1+ 4/ + E.r| +
isin () + 3T —nr+ C

T’;(\fﬁ — soc ! T} 3l é’r + ;"Fr

2ot @R — 4 w2 — R arcsin(n' @)

SgpEpIpo




